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XXVI. Researches in Physical Astronomy. By J. W. Luspock, Esq. V. P.
and Treas. R.S.

Read June 21, 1832.

On the development of R.

IN the following method of developing the disturbing function, the coeffi-
cients of the inequalities corresponding to any given order are expressed in
terms of the coefficients of the inferior orders; so that, for example, the coeffi-
cients of the terms in the disturbing function multiplied by the squares of the
eccentricities, are given analytically by means of the coefficients of those inde-
pendent of the eccentricities, and of those multiplied by their first powers.
As the theorems to which this method gives rise, are of great simplicity, [
trust they will not be thought unworthy attention. By their means and with
the assistance of the table given in my Lunar Theory, the expressions may be
obtained, which are necessary for the development of R, as far as the fourth
powers of the eccentricities inclusive; it may easily be carried to any extent,
and the expressions given by Burckuarpr in the Mémoires de PlInstitut,
1808, may be verified without difficulty. This method is peculiarly advan-
tageous in the lunar theory, and for the terms in R dependent on powers of
the eccentricities above the squares; for the expression thus obtained for the
coefficients of the terms dependent on the squares and products of the eccen-
tricities in the planetary theory, is by no means so simple or so convenient for
numerical calculation as that given in the Phil. Trans. 1831, p. 295. A simi-
lar method is applicable to the terms dependent on the inclinations.

Let R=R,+ e R/ + ¢2 R, + &ec.
+{R, + &R/ + e R/ +&c.} cos (int — in,t)
(1]
+{R,+¢2R; + ¢e2 R/ + &c.} ecos (nt — w)
(21
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+{R, + e Ry +¢2R; + &c}ecos (int —int—nt+w)

(3]
+ &c.

where the indices are as follows, and the same as in my Lunar Theory, merely
writing the indeterminate ¢ instead of the number 2.

00 21 | it—3¢x 42 | it =30 —2z

1| it 22 | it+ 3 43 | it+3x 42

2| 23 | 2242 4 | 3 — 2

3|it—x 24 | it—2x—=z 45 | it—3a 42

4 |it4 o 25 | it4 2042 46 | it+ 3 —2

51z 26 | 20—z 47 | 22 + 22

6| it—2z 27 | it— 2204 2 48 | it — 20 —22z

7 itz 28 | it + 22—z 49 | it 4+ 224+ 22

81| 2« 29| 2+ 22 50 | 20— 22

9 |it—22 3 |it—av—22 51 | it—2a2 422

10 | it4 22 3l jit+a+22 52 | it 22 —22

11 [x+=2 32| 2—22 53 | x4+ 32

12| it—x—2z 33 |it—a+22 54 |it—a—3z

13 |it+x+2 34 |it+a—22 55 |it+ a2+ 3=

14| r—=2 35| 3z 56 | x — 32

15it—z—2z 36 | it—32 57 |it—a+ 3z
116 | it4ax—=2 37 lit+ 3z 58 | it+ax—3z

171 22 38 | 42 59 | 4z

18 | it— 22 39 | it—42 60 | it—4z

19 | it 422 40 | it+ 4w 61 | it+4z

20| 32 4] | 3a 4+ 2

r=1 +i; -e(l —_ '{%ef)cosx—- _e; (1 _ 2 cos2ax + = e3c053x+ § etcosda

3
gr e—(] ——-eQ)cosx-—e< ———>0092x+-—9‘2cos3x+ —e7c0§4r
e
m__-(l-&-——) (1—~. ‘l)cosm—g-e(l—]@!e%)cowx
(2] (8]
17 71
-—gegcos?yx ‘,ﬁe cosdx
[20] [35]
da 3e? 5 28 . 13 .. 103 , .
—_— il ] = 222 29 s2 Yo o
i 2(1 5 sin v 4 5 e( 15e sm2:c+4esm3x+ 24esm4x
(2] (8] [20] (35]
dR_dRdr  dRdA
de ~ dr de A de
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%{;}E=a(;iaR (i‘}{'{‘:“’iR*
Multiplying by means of Table II. Phil. Trans. 1831, p. 238, we find
R9=—agf" R3=_‘_‘§%%_i31 R,=— adR'+zR
zRQ-_—_E;_dd’Zs iR, 3:351 5141:1
2R[c,=_‘12dR4+ iR, _3:3R1+5_7,£

These equations may be formed at once from the Table by inspection, taking
care to write R with the sign -+ in the term multiplied by ¢ when the index is
found in the upper line in the Table, as in the case of the argument (10) ; and
with the sign — when in the lower, as in the case of the argument (9). The

term multiplied by %—Ii always takes its sign from the factor arising from

1% . In what precedes, 7 is any positive whole number.

By means of the Tables, any term in R depending on the eccentricities may
be found at pleasure, and the development given in the Phil. Trans. 1831,
p. 263, may be verified with great facility ; thus

adR,, _SadRS_ 17adR, 71 ad R,
2da 4da 16da 24da

4R;o = —

I find on reference to the development in question

2 2 2 2
Ry= R,= -2 R S R,="2 R — -
38 24a; 20 6a, 8 8ap 2 2ap 0 Tas
whence
d Ry @® edR, _ a° adR, __ a* ad R, a®
da ~ 8ap da ~ 4dap da o da = 24}

which values satisfy the equation above, for
4 1 3 17 71

94-2°8 44 16 242
By successive substitutions in the expressions which have been given, it is

* This is only a method of notation as regards the coeflicients, which will be easily understood.
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obvious that they may be reduced so as to contain only the quantity R, and
the differential coefficients of this quantity with respect to ¢ and a,.
Thus

R,,=_.“de+zR
1= — i i = Sy R
a*d*R, _adR, dR,
="37 {"‘ Sda 2 s Tl
_iadR, P 3adR, , 5iR,
~Zda t? B - 4d’?’ 4
2 42 2
R, =" d2R (2z+l)adR1+ (424 5i) R,

8d a2 4 de T8
Changing the sign of 7, we get

_ &R, @i—1)adR  (4P—5)R,
B=—ie T 1 du 8

which accords with the expression (for N(O)) given in the Théor. Anal. vol. i.
p- 463.

_ 1 fa*®R, | a*d*R, - Qi+ 1) R, _ (2;+1)adR,+(4z+5)zdR
— 21 8das 4da? 4 da® 4 8 da
 fa*d R, _ (2i+1)adR, (4i+5)iR,}
+z{8da‘l 4 da + 8
3{ ad*R _ade+iadR‘
2da? 2da da
5if adR, _17adR, 13
R0 Bl PR Gl T il
R, = -%{(262+301,2+813)R—(9+273+1219)adR

@R, &R
TOi+6) e e

Changing the sign of 7, we get
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By, = --4—28.{(261'—301'9+8L‘3)R L0 —27i+ 12zz)a‘_‘.’_:_

ad R a’d* R,

-1-(62—6) + da3

which agrees with the expression given by Burckrarpr for (M (O)), Memoires
de U Institut, 1808, Second Semestre, p. 39.

Similarly
_ad®R, , Qi—1)adR,, (42 —53)R,,
2Ry = 4da® T3 da T 4
a2d? R1 2i—1)qdR, , (4i®—5i) R,
2Ry= 4da, t3 da, + 4
Ifi=2
a®d*R,, 3 adR
2R51_ 4da91 +"— a10+ '—RIQ
d°R 3 qdR,
2 (__“1 i |
By d4dag tg da, +
Rl—_él_»:z___ij‘f___?ﬂ_‘_‘i__iﬁ_f'_i_f‘i_&c.
q, dap  2.4.6a® 2.4.4.6.84a

In the Lunar Theory, the higher terms may be neglected; and taking
3a

Rl = - Z;";,

theorem, however, cannot be extended to the other terms, and therefore in the

Planetary Theory the coefficient corresponding to the argument 2¢ - 22422
or 2w — 2w, in the development of R, (which term is important as regards the

it is evident that R,y and R;, are each equal to zero. This

secular inequalities,) does not vanish.

If the coefficients of the nth argument in the expressions for% and & be
called r, and 2, the Table which has been used for the preceding multiplica-
tions may also be used (when the square of the disturbing force is neglected,)
for the integration of the equations

R A VAL et
and
oL,
d"r33_

LA +2/‘dR+—-=

rd R
MDCCCXXXII, 41
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%3.:—_1—}-39‘L (1 + -_) Se(l +——e)cosx-——8—e4c0s2x+-—cos3m+—-cos4x

(o] (2] (8] [20] (351
" Thus

If R be considered as a function of ', 2* and s, we have

AR _ 7R dr L ARAR L aRds
dy — dr rdy " dady  dsdy

}fl—(]r;= 32'- - —';’_(l —4ecos2y +yecos(x —2y) —wyecos (v + 2y)
[62] [65] [66]
3., o 13,
— g e eos 2z—2y) + g v e eos Qx4+ 2y)
[77] [78]
g.%‘/.: —y(1—4¢e)sin2y+ yesin (@— 2y) — 3yesin(z+ 2y)
[62) [65] [66]
- %gwgsin 2z + 2y)
(78]
g—; ¢! eQ)s1ny+esln(x—J)+esm(w+y)+~—s1n(2x—J)+ 9 esin Qx4
[146] [149] [150] f161] [162]

If R be considered as a function of r, A" and s,

dR

dR_dRdx | dRds

dy ~ da'dy ds dy
dR . . dR . ... .
in=—iRas before, and the expression for —— (in this case) is given for the

Lunar Theory, Phil. Trans. 1832, p. 6.
The multiplications required may be effected by means of the following

Table. In the terms multiplied by ——, the coefficient of R is to be taken with
a positive sign when its index is found in the upper line, and with a negative in
the contrary case. In the terms multiplied by %%, the coeflicient of t—f is

to be taken with a negative sign when the index is found in the upper line, and
with a positive when in the lower.
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